3rR0 DEGREE POLYNOMIALS
: %2 & EQUATIONS

GRADE 12
(but Grade 11’s are invited!)
It is essential to do EVERY question if you want
to be an expert on “cubics”!
1. Observe the following solution of a quadratic equation:
x*-x-6=0
Lo(x-3)(x+2) =0
©~x-3=0 OR x+2=0
. x =3 X o= -2

1.1 Write down the factors of the expression x?-x-6. 1)
1.2 Write down the roots of the equation x¥-x-6 = 0. 1)

1.3 Make a conjecture about what you notice when
comparing 1.1 and 1.2. 1)

14 If f(x)= X x- 6, find the value of f(3) and f(-2). (2)
1.5 Make a conjecture about what you notice when
comparing 1.2 and 1.4. Explain. 2)

2.1 Write down a cubic equation g(x) = 0 with roots - 4, -2
and 1 - with g(x) in factorised form. 2)

2.2.1 Write down the roots of the cubic equation:

(x+1)(2x-1)(x-4) =0, 3)
2.2.2 If f(x) = (x + 1)(2x - 1)(x - 4) , determine the values of
f(-1), f(%) , and f(4). @)

3. Complete the following:

3.1 If x-5 is a factor of our expression f(x), then

3.11 5isa ..... of f(x) =0 (the equation), and (1)
3.1.2 thevalue of f(5) is ..... 1)
3.2 If -1 is aroot of a (quadratic or cubic) equation
gx)=0,then ..... is a factor of the expression g(x). (1)
3.3.1 If pisaroot of an equation f(x) =0, then
fp)=..... (€]
3.3.2 If -q is aroot of an equation g(x) =0, then
gt-a)=..... 1
3.4 If 2 is aroot of an equation f(x) =0, then f(2)=....
and ..... is a factor of f(x). 2)

3.5 If r isaroot of an equation f(x) =0, then f(r)=....
and ..... is a factor of f(x). 2)

4.1 If x-2 isafactor of f(x)=x>-12x + 16, find the other
factors of f(x). 3)
4.2 Now solve the equation X -12x+16=0 3)
5. Given: f(x)=2x"-x°-13x-6
5.1 Determine f(3). 2)
5.2 Explain the meaning of your answer in 5.1. 2)
5.3 Factorise f(x) completely. 3)
5.4 Solve for x if f(x)=0. )
6. Given: f(x)=x>+3x°-2x-4 b
6.1 Prove that (x + 1) is a factor of f(x). )
6.2 Now solve forxin x° +3x2-2x-4=0. (5)
7.1.1 By referring to question 1, draw a rough sketch of the
graph of y:x2 -x-6.
(You do not need to show the turning point.) 3)
7.1.2 Complete: The roots of the equation x*-x-6=0
arealsothe ..... of the parabola, y = **-x-6. 1)
7.2.1 Also sketch the graph of y = (x - 1) ©)
7.2.2 This parabola has only one x-intercept which is also
the ..... of the parabola. 1)

8.1.1 f(x)=x"-4x

Read about the shape of a cubic graph

before continuing . . . )
é-L)
oy

@

Factorise f(x) completely.

8.1.2 What are the x-intercepts of the graph of f? 2)
8.1.3 Write down the y-intercept of the graph of f. (1)
8.1.4 Draw a sketch of f, indicating these intercepts. 3)
9. Given the function defined by f(x) = x%- 3x% + 4:
9.1 Calculate f(-1), and hence solve the equation f(x) =0. (5)
9.2 Draw a sketch of the graph, f, indicating only the
intercepts with the axes. 4)
10. Solve the following cubic equations:

Six¥-x-1=0

101 x*+6x° = 0

103 x*+2x°-3x=0

105 x*-12x +16 = 0
10.7 x*-x*-x+10 = 0
109 -3 +4x% +x-2 = 0
1011-2x°+ 7x° +5x-4=0

102 x
3 2 _

104 -x"+4x"-4x =0

106 X +4x°+x-6=0

108 -+ 2% +x-2=0

1010 X + 4% +x-6=0

1012 223 - 7x° + 4x +4=0
(3) (3x5) (6% 6)

1.19

SHAPE OF A CUBIC GRAPH
Plot some points to see the shape of the graphs 'y = X
andy =- x°. You will then understand that . . .

The shape of a cubic graphy = ax’. .. ,wherea>0

is ‘roughly’ "\ _*

but y=ax,where a<0is roughly "/ X

In CALCULUS you will acquire a new ‘tool’,
called the DERIVATIVE . .. You will find out:

Simply . . .
It is the GRADIENT of a graph
(See below for more details)

& WHATIT IS Mathematically . . .

You will get used to the limit
concept behind the definition -
no rush for this!

_~ Youwil find it by rules - simple ones!

HOW TO FIND IT
® —> Mathematically . . .

You will, in time, get used to
finding it “from first principles”.

Graphs

i 1
& WHERE TO USE IT €.g. The cubic graph!

Applications - mainly to find
minimum & maximum values

The DERIVATIVE of a function is : .
® the GRADIENT of the function . . .

eg. y=x, ie. f(x)=x y=2, ie.fix)=2

The derivative is <« The derivative is
the gradient, m =1 ~ |  the gradient, m = 0
The gradient of a line is constant (i.e., the same at all pts.)

[=] The derivative is the gradient of a function AT A POINT . ..
B The DERIVATIVE/GRADIENT is
A c 4 = positive at A and E
= zeroatB&D!!!
D = negative at C
“The DERIVATIVE is zero at the turning points” is the ‘fact’
that we will use to find the turning points of our cubic graphs.

and
not constant !

Finally, drawing “little tangents” at A, B, C, B

D and E makes it easier to picture the m
gradient of the curve at these points . . . E
it is the gradient of the tangent at the point.

D
[ Finally, the DERIVATIVEis . . .
The gradient of the tangent to a curve at a point!
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11 The factors of the expression are (x - 3) and (x +2). <

1.2 The roots of the equation are 3 and -2. <

1.3  If thefactorsare (x-p) and (x+q) ... of the expression
then the roots are p and - q ... of the equation.

14 f(3) =0 and f(-2) = 0 <

15  The 'root' values of x make the expression, f(x), zero,
i.e. they satisfy the equation f(x) = 0. ... they make it “true”

21 (x+4)(x+2)(x-1) = 0 <

= - 1
221 x = lor‘2

or 4 <

222 f(-1) = 0; f(3) = 0 and f(4) = 0 <

Note: (x+1), (2x-1) & (x - 4) are factors of f(x)
-1, % & 4 are roots of f(x) = 0

3.11 root < 312 0 <

32 x+1 <

331 f(p) = 0 < 332 9g(-q) =0 <
34 f(2) = 0 and x-2 isafactor of f(x)

35 f(r) = 0 and x-r isafactor of f(x)

41 x-2 afactor of f(x) implies that

e

42

x3—12x+16:(x_2)( ? )
- IR -8y ~
’:-' S [— sz + 2x2 =0 ]
= (x- 2)(% + 2x - 8) e

(r-2)x+4)x-2)

Check: v
-4x - 8x = -12x

= (x - Z)Z(x + 4) < - the FACTORS

The equation : X -12x+16 = 0
(x-22%(x+4) =0

. x=2 or -4 < - theROOTS

5.1 ) = 233 -x%-13x- 6
- f(3) = 2(3)°-3%-13(3)- 6
=54-9-39-6
= 0 <
5.2 f(3)=0 means that:
3 is a root of the equation f(x)=0
and x - 3 is a factor of the expression f(x).
- /—\
53 -~ 2-x%-13x-6 = (FI3)(@&° . 1., +2) @
_ s Check: v
- (x-~3.‘)f2.x_f_5’ff—2) -15x + 2x = —13x]
= (v - 3)2x + 1)x + 2) <
54  2x°-x°-13x-6 = 0
L-3)(2x+(x+2) =0
x=3 or —% or -2 < ...theroots of the equation
6.1 fx) = X+ 3x%-2x-4
f-1) = ((1°+3¢-1D°-2(-1)-4
=-1+3+2-4
=0
[.» -1 is aroot of the equation f(x) =0 ]
~.x+1 isafactor of the expression f(x) <
62 o xX+3xP-2x-4 = (x+ D2 -4)
= e+ )2+ 2x-4)
Y~ no further factors !
fx) =0 » (@+Dx*+2x-4)=0
. Either x+1 =10 or x+2x-4:=0
-2+ 2 _ -
Lx=-1< ooy o= SENEF - A4CA)
2(1)
_ -2:420
B 2
=1,24 or -3,24 <
7.11 Xx-intercepts (roots): x = 3 or -2
Y-intercept (when x=0):y = -6
7.12 The ROOTS of the equation x2-x-6 = 0 arealso
the ROOTS (x-intercept) of the parabola y = x2-x-6.
7.21 Note: y = (x-1)2 isalso
_ .2
) y = x"-2x+1
p - the trinomial is a PERFECT SQUARE!
-. only one root
7.2.2 The x-intercept is also the turning point of the parabola.

M1.33

8.11 f(x) = x(x2—4) 812 x=0 or -2 or 2 <
= x(x + 2)x - 2) <
813 y=0 <« 8.1.4 Z 0 2
9.1 fx) = 3-3%%+4
qf-1) = (1)3-3(-1)7+4
=-1-3+4
= 0«
s x+1 isafactor of f(x)
s fl) = o+ 1) ? )
= eE?. 0 . 4) w22 -axt = -3
:()_c:ri)zxz-\l‘:xtfl) +4x-4x = 0 v
= (re D - 2)°
(x+1)(x-2)2 =0
wx=-1 or 2 <
9.2

Calculus (next
section) will enable
you o find the
turning points of
this cubic graph!

101

10.2

10.3

104

= x5+ 6x°
o Ay
~x=0 or -6 < -6 0 @>0
A1) -(x+1) = 0
. (x+1)(x2— 1) =0 .. .grouping
DY+ Dx-1) = 0 ) ) y=x+x*-x-1
Lr)(x-1) =0 7@1 @>0
Lx=11 <
x(x2+2x—3) =0 y=x*+2x% - 3x
Sox(x+3)x-1) =0 7£_3 41
~x=0or -3 or 1 < (@a>0)
-x3+4x%-4x= 0
x(-1) o X-4xP+4x =0
2
Cx(x-4x+4)=0 0 o
. x(x-2)2:0 yE T A A

2
(a<0)
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105 Let f(x) = x°-12x+16
Try f(1) = 1-12+16 * O
f(-1) = -1+12+16 + 0
f(2) - 8-24+16 = 0!
.. X =2 isafactor of f(x)
f(x) = (x-2)( ? )

. (2xz+2x2 = 0]

(c4x-8x = -12x )

fx)=x>-12x+ 16
T4 2

x =2 or -4 < ... (theroots)

(x-2)(x + 4)(x - 2)

= (- 2)%(x+4)
*. Solution to f(x) = 0:

106 Let f(x) = X+ 4%+x-6
f(1)=1+4+1-6 =
s x-1isa facto_r_of f(x)

= 4

"
’Q
.
><
=,
+
U1
=
+
o
N2

2
-x # 5x?

Check:
-Bx+6bx = -x Vv
(x - Dx + 2)(x + 3)

- Soln. to f(x)=0: x=1o0r-20r -3 < /3 - "1

107 Let f(x) = x*-x%-x+10
Tcansee f(1) + 0, f(-1) # O, f(2) = O, ...
f(-2) = -8-4+2+10=
» x+2 isafactor of f(x) Check:
©f() = (r+ )% - 3x+5) [6x+5X'-x \/]
. Solution to f(x) = O:

maybe f(-2)?

o -(3) £ (-3)2 - 4()5)

20)
_ 3z /-11
= =

invalid

x=-2< or

Vass

Only 1 x-intercept !

is non-real |

108 Let f(x) = - Xar2xtex-2

f(1) =

-1l+2+1-2=0
. x -1isa factor of f(x)
o f(x) = (x-l)(—xz ..... +2) o)z x>+ 2l +x-2
= (x-DExP+x+2)
= a(x-D2-x-2) -1 1 2
= --Dx-2)x+1)
fx)=0 2> -@x-Dx-2)x+1) =0

D -2)(x+ 1) =
~x=1 or 2 or -1«
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10.9

10.10

1011

10.12

Let f(x) 3 -4x%-x+2
f(1) = 3-4-1+2 =5-5 =
~ x-1 isafactor

P ~

L f(x) = (x- 1)(3x S
= (-DExP-x-2) ... [x
= (x-DBx+2)(x-1)
= (x- 1)2(3x +2)

Check:
2x = -Xx

7&4

. Solutionto f(x)=0: x =1or -= <
Let f(x) = x>+ 4x°+x-6 = 0
f1) = 1+4+1-6=0

- x -1is afactor of f(x)

L) = G-DEE. .. +6)
= (c-1)(2 + Bx + 6) 7%%
= (- D+ 2)(x+ 3)

fx)=0 > (x-Dx+2)x+3)=0

~x=1 or -2 or -3 <

Let f(x) = -2x3+7x°+5x-4 = 0
fl) = 0
f(-1) = +2+7-5-4=0

. (x+1)is a factor of f(x)

LCf() = (262 -4)
= (r+1)(- 2%+ 9x-4) R\
= o+ 1)@ -9x+4) Z
= -+ 1D(2x-1)(x-4)
fx)=0 2> -(x+1)2x-1)(x-4) =0
e+ )@x-1)(x-4) =0
~x=-1 or %or‘ 4 <
Let f(x) = 2x° - 7x2+ 4x + 4 Clearly
f(2) - 16-28+8+4 = A1) #0 & fi-1) #0
L) = (-2 -2)

(x - 2)(2x% - 3x - 2)
(x-2)2x+1)(x-2)
(x - 2)%(2x + 1) 2

)

. Solution o f(x) = 0:

x=2 or




